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SYMMETRY GROUP OF T¸IT¸EICA
SURFACES PDE
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Abstract
Using the theory of the symmetry groups for PDEs of order two ([7],
[17], [20]), one finds the symmetry group G associated to T¸it¸eica surfaces
PDE. One proves that Monge-Ampe`re-T¸it¸eica PDE which is invariant
with respect to G′, where G′ is the maximal solvable subgroup of the
symmetry group G, is just the PDE of T¸it¸eica surfaces. One studies
the inverse problem and one shows that the T¸it¸eica surfaces PDE is
an Euler-Lagrange equation. One determines the variational symmetry
group of the associated functional, and one obtains the conservation laws
associated to the T¸it¸eica surfaces PDE. One finds some group-invariant
solutions of the T¸it¸eica surfaces PDE. All these results shows that T¸it¸eica
surfaces theory is strongly related to variational problems, and hence it
is a subject of global differential geometry.
Key-words: symmetry group of T¸it¸eica PDE, criterion of infinitesimal
invariance, inverse problem for T¸it¸eica PDE, T¸it¸eica Lagrangian, conservation
law.
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1 Introduction
The symmetry group (or strong symmetry group [19]) associated to a PDE is a
Lie group of local transformations which change the solutions of the equation
into its solutions. The theory of symmetry groups has a big importance in
Geometry, Mechanics and Physics ([3]-[9], [11], [13], [14], [17]-[21], [25]). We
apply this theory in the case of T¸it¸eica surfaces PDE in Geometry, determining
the symmetry group, some group-invariant solutions, a T¸it¸eica Lagrangian,
and conservation laws.
The centroaffine invariant
I =
K
d4
,
where K is the Gauss curvature of a surface Σ and d is the distance from
the origin to the tangent plane at an arbitrary point of Σ, was introduced by
1
T¸it¸eica ([22]). A surface Σ for which the ratio K
d4
is constant, is called T¸it¸eica
surface.
For the aplication of the theory of symmetry groups ([17]-[20]), we shall
consider the case in which Σ is a simple surface, being given by an explicit
Cartesian equation
Σ : u = f(x, y),
where f ∈ C2(D) and D ⊂ R2 is a domain. In this case, the Gauss curvature
of the surface Σ is
K =
uxxuyy − u2xy(
1 + u2x + u
2
y
)2 ,
and the distance from the origin to the tangent plane at an arbitrary point of
Σ is
d =
|xux + yuy − u|√
1 + u2x + u
2
y
.
Given the nonzero function I (centroaffine invariant), the condition
K
d4
= I
transcribes like a PDE
(1) uxxuyy − u2xy = I(xux + yuy − u)4.
Moreover, the restrictions d, K 6= 0 are equivalent to
(2) xux + yuy − u 6= 0, uxxuyy − u2xy 6= 0.
One proves that the symmetry group G of PDE (1), with I = constant, is
the unimodular subgroup of the centroaffine group.
PDE (1) is a Monge-Ampe`re equation
(3) uxxuyy − u2xy = H(x, y, u, ux, uy).
Therefore PDE (3) will be called Monge-Ampe`re -T¸it¸eica equation.
2 Symmetry group of a PDE of order two
Let D be an open set in R2 and u ∈ C2(D). The function u(2) : D → U (2) =
U × U1 × U2,
u(2) = (u;ux, uy;uxx, uxy, uyy)
is called the prolongation of order two of the function u.
2
The total space D × U (2) whose coordinates represent the independent
variables, the dependent variable and the derivatives of dependent variable
till the order two, is called jet space of order two of the base space D × U .
We consider the PDE of order two
(4) F (x, y, u(2)) = 0,
where F : D × U (2) → R is a differentiable function.
Definition 1. PDE (4) is called of maximal rank if the associated Jacobi
matrix
JF (x, y, u
(2)) = (Fx, Fy;Fu;Fux , Fuy ;Fuxx , Fuxy , Fuyy)
has rank 1 on the set described by the equation F (x, y, u(2)) = 0.
In this case the set
S = {(x, y, u(2)) ∈ D × U (2)|F (x, y, u(2)) = 0}
is a hypersurface.
Definition 2. The symmetry group of PDE (4) is a group of local trans-
formations G acting on an open set M ⊂ D × U with the properties:
(a) if u = f(x, y) is a solution of the equation and if g · f has sense for
g ∈ G, then v = g · f(x, y) is also a solution.
(b) any solution of the equation can be obtained by a DE associated to
PDE (hence any solution is G-invariant g · f = f, ∀g ∈ G).
Definition 3. Let
X = ζ(x, y, u)
∂
∂x
+ η(x, y, u)
∂
∂y
+ φ(x, y, u)
∂
∂u
be a C∞ vector field on an open set M ⊂ D × U. The prolongations of order
one respectively two of the vector field X are the vector fields
pr(1)X = X +Φx
∂
∂ux
+Φy
∂
∂uy
,
(5) pr(2)X = pr(1)X +Φxx
∂
∂uxx
+Φxy
∂
∂uxy
+Φyy
∂
∂uyy
,
where
Φx = φx + (φu − ζx)ux − ηxuy − ζuu2x − ηuuxuy,
Φy = φy − ζyux + (φu − ηy)uy − ζuuxuy − ηuu2y
3
and respectively
Φxx = φxx + (2φxu − ζxx)ux − ηxxuy + (φuu − 2ζxu)u2x−
− 2ηxuuxuy − ζuuu3x − ηuuu2xuy + (φu − 2ζx)uxx − 2ηxuxy−
− 3ζuuxuxx − ηuuyuxx − 2ηuuxuxy,
Φxy = φxy + (φuy − ζxy)ux + (φux − ηxy)uy − ζuyu2x + (φuu − ζux−
− ηuy)uxuy − ηuxu2y − ζyuxx + (φu − ζx − ηy)uxy − ηxuyy−
− ζuuyuxx − 2ηuuyuxy − 2ζuuxuxy − ηuuxuyy − ζuuu2xuy − ηuuuxu2y,
Φyy = φyy + (2φuy − ηyy)uy − ζyyux + (φuu − 2ηuy)u2y − 2ζuyuxuy−
− ηuuu3y − ζuuuxu2y + (φu − 2ηy)uyy − 2ζyuxy − 3ηuuyuyy−
− ζuuxuyy − 2ζuuyuxy.
For the determination of the symmetry group of PDE (4) is used the
following criterion of infinitesimal invariance [17].
Theorem 1. Let
F (x, y, u(2)) = 0,
be a PDE of maximal rank defined on an open set M ⊂ D×U . If G is a local
group of transformations on M and
(6) pr(2)X[F (x, y, u(2))] = 0 whenever F (x, y, u(2)) = 0,
for every infinitesimal generator X of G, then G is a symmetry group of the
considered equation.
Proposition 1. If PDE (4) defined on M ⊂ D × U is of maximal rank,
then the set of infinitesimal symmetries of the equation forms a Lie algebra on
M . Moreover, if this algebra is finite-dimensional, then the symmetry group
of PDE is a Lie group of local transformations on M .
Algorithm for determination of the symmetry group G of PDE
(4):
-one considers the field X on M and its prolongations of the first and
second order, and one writes the infinitesimal invariance condition (6);
-one eliminates any dependence between partial derivatives of the function
u using the given PDE;
-one writes the condition (6) like a polynomial in the partial derivatives of
u, and we identify this polynomial with zero;
-it follows a PDEs system in the unknown functions ζ, η, φ, and the
solution of this system defines the symmetry group of PDE (4).
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3 Symmetry group of T¸it¸eica surfaces PDE
We consider the T¸it¸eica surfaces PDE,
(1′) uxxuyy − u2xy = α(xux + yuy − u)4, α ∈ R∗
with the conditions (2), which assure the maximal rank.
Let
X = ζ(x, y, u)
∂
∂x
+ η(x, y, u)
∂
∂y
+ φ(x, y, u)
∂
∂u
be a C∞ vector field on the open set M ⊂ D × U . In the case of PDE (1′),
the condition (6) becomes
−4αζux(xux + yuy − u)3 − 4αηuy(xux + yuy − u)3 + 4αφ(xux + yuy − u)3−
−4αxΦx(xux + yuy − u)3 − 4αyΦy(xux + yuy − u)3 +Φxxuyy−
−2Φxyuxy +Φyyuxx = 0.
Replacing the functions Φx, Φy, Φxx, Φxy, Φyy given by the relations (5)
and eliminating any dependence between partial derivatives of the function u
(determined by the PDE (1′)), we obtain
−uuxxφyy + uxuxx(xφyy + uζyy) + uyuxx(yφyy − 2uφuy + 2uηyy)−
−xu2xuxxζyy + uxuyuxx(uζuy − yζyy + 2xφuy − xηyy)+
+u2yuxx(2yφuy − uφuu − yηyy + 2uηuy)− xu2xuyuxxζuy+
+uxu
2
yuxx(uζuu − yζuy + xφuu − 2xηuy) + u3yuxx(yφuu − 2yηuy + uηuu)−
−xu2xu2yuxxζuu − uxu3yuxx(xηuu + yζuu)− yu4yuxxηuu + 2uuxyφxy+
+2uxuxy(uφuy − xφxy − uζxy) + 2uyuxy(uφux − yφxy − uηxy)−
−2u2xuxy(xφuy − xζxy + uζuy) + 2uxuyuxy(uφuu− xφux − yφuy + yζxy − uζux+
+xηxy − uηuy)− 2u2yuxy(yφux − yηxy + uηux) + 2xu3xuxyζuy +2u2xuyuxy(yζuy+
+xζux− uζuu+ xηuy − xφuu)+ 2uxu2yuxy(yζux+ yηuy + xηux− uηuu− yφuu)+
+2yu3yuxyηux + 2xu
3
xuyuxyζuu + 2u
2
xu
2
yuxy(yζuu + xηuu)+
+2yuxu
3
yuxyηuu − uuyyφxx + uxuyy(xφxx − 2uφxu + uζxx)+
+uyuyy(xφxx + uηxx) + u
2
xuyy(2xφxu − uφuu − xζxx + 2uζxu)+
+uxuyuyy(2yφxu − yζxx − xηxx + 2uηxu)− yu2yuyyηxx+
+u3xuyy(xφuu − 2xζxu + uζuu) + u2xuyuyy(yφuu − 2yζxu − 2xηxu+
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+uηuu)− 2yuxu2yuyyηxu − xu4xuyyζuu − u3xuyuyy(yζuu + xηuu)−
−yu2xu2yuyyηuu − 2u2xy(2φ− 2xφx − 2yφy − u(φu − ζx − ηy))+
+uxu
2
xy(4ζ − 4yζy − 2xζx + 2xηy + 2xφu − 4uζu) + 2uyu2xy(2η − 2xηx−
−y(ηy − ζx − φu)− 2uηu) + 2uxxuyy(2φ− 2xφx − 2yφy − u(φu − ζx − ηy))−
−2uxuxxuyy(2ζ − 2yζy + x(φu − ζx + ηy)− 2uζu)−
−2uyuxxuyy(2η − 2xηx + y(φu + ζx − ηy)− 2uηu) = 0.
Looking at this condition as a polynomial in the partial derivatives of the
function u, and identifying with the polynom zero, we obtain the PDEs system
ζxy = 0, ζyy = 0, ζuu = 0, ζuy = 0,
ηxx = 0, ηyy = 0, ηuu = 0, ηux = 0,
φxx = 0, φxy = 0, φyy = 0, φuy = 0,
φuu = 2ηuy, φux = ηxy, ηuy = ζux, 2φxu = ζxx,
2φ− 2xφx − 2yφy − u(φu − ζx − ηy) = 0,
2ζ − 2yζy − x(ζx − ηy − φu)− 2uζu = 0,
2η − 2xηx + y(φu + ζx − ηy)− 2uηu = 0,
whose solution defines the symmetry group of the equation (1′). The general
solution of this PDEs system is
(7)


ζ(x, y, u) = C1x+ C3y + C4u,
η(x, y, u) = C5x+ C2y + C6u,
φ(x, y, u) = C7x+ C8y − (C1 + C2)u,
where C1, ..., C8 ∈R, and consequently the infinitesimal generator of the sym-
metry group G is
X = C1
(
x
∂
∂x
− u ∂
∂u
)
+ C2
(
y
∂
∂y
− u ∂
∂u
)
+C3y
∂
∂x
+ C4u
∂
∂x
+
+C5x
∂
∂y
+ C6u
∂
∂y
+ C7x
∂
∂u
+ C8y
∂
∂u
.
Theorem 2. The Lie algebra g of the symmetry group G associated to
T¸it¸eica surfaces PDE is generated by the vector fields
(8) X1 = x
∂
∂x
− u ∂
∂u
, X2 = y
∂
∂y
− u ∂
∂u
, X3 = y
∂
∂x
, X4 = u
∂
∂x
X5 = x
∂
∂y
, X6 = u
∂
∂y
, X7 = x
∂
∂u
, X8 = y
∂
∂u
,
6
and G is the unimodular subgroup of centroaffine group.
The constants of the structure of the Lie algebra of the group G are finding
from the table
[.,.] X1 X2 X3 X4 X5 X6 X7 X8
X1 0 0 −X3 −2X4 X5 −X6 2X7 X8
X2 0 0 X3 −X4 −X5 −2X6 X7 2X8
X3 X3 −X3 0 0 X2−X1 −X4 X8 0
X4 2X4 X4 0 0 X6 0 −X1 −X3
X5 −X5 X5 X1−X2 −X6 0 0 0 X7
X6 X6 2X6 X4 0 0 0 −X5 −X2
X7 −2X7 −X7 −X8 X1 0 X5 0 0
X8 −X8 −2X8 0 X3 −X7 X2 0 0
Now we shall study the converse of the Theorem 2: given the Lie group G
of transformations, determine the most general Monge-Ampe`re-T¸it¸eica PDE
which admits G like group of symmetries. This implies the using of a maximal
chain of Lie subalgebras of the algebra g of the group G, in the case in which
g is solvable.
Since the Lie algebra g of the symmetry group G is not solvable, one
considers the maximal solvable Lie subalgebra g′, described by the vector
fields X1,X2,X3,X7. Denote G
′ ⊂ G the corresponding subgroup.
Theorem 3. The PDE of type Monge-Ampe`re-T¸it¸eica of maximal rank,
which admits G′ like group of symmetry, is a PDE of type T¸it¸eica.
Proof. We consider the maximal chain of Lie subalgebras of the Lie alge-
bra g′,
(9) {X8} ⊂ {X3,X8} ⊂ {X3,X7} ⊂ {X1,X3,X7} ⊂ {X1,X2,X3,X7}.
We impose the condition that PDE (3) to be invariant with respect to every
of these subalgebras, denoting
F = uxxuyy − u2xy −H(x, y, u, ux, uy).
1) We start with {X8}: X8 = y ∂∂u and pr(2)X8 = y ∂∂u + ∂∂uy .
The condition (6) implies pr(2)X8(F ) = 0. It follows
F = uxxuyy − u2xy −H1(x, y, ux, yuy − u).
2) If we use {X3,X8}: X3 = y ∂∂x and
pr(2)X3 = y
∂
∂x
− ux ∂
∂uy
− uxx ∂
∂uxy
− 2uxy ∂
∂uyy
,
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then we obtain
F = uxxuyy − u2xy −H2(y, u, ux, xux + yuy − u).
3) For {X3,X7}: X7 = x ∂∂u and pr(2)X7 = x ∂∂u + ∂∂ux ,
we find
F = uxxuyy − u2xy −H3(y, xux + yuy − u).
4) For {X1,X3,X7}: X1 = x ∂∂x − u ∂∂u , with
pr(2)X1 = x
∂
∂x
−u ∂
∂u
− 2ux ∂
∂ux
−uy ∂
∂uy
− 3uxx ∂
∂uxx
− 2uxy ∂
∂uxy
−uyy ∂
∂uyy
,
we get
F = uxxuyy − u2xy − (xux + yuy − u)4H4(y).
5) Finally, {X1,X2,X3,X7}: X2 = y ∂∂y − u ∂∂u and
pr(2)X2 = y
∂
∂y
−u ∂
∂u
−ux ∂
∂ux
− 2uy ∂
∂uy
−uxx ∂
∂uxx
− 2uxy ∂
∂uxy
− 3uyy ∂
∂uyy
,
imply
F = uxxuyy − u2xy − α(xux + yuy − u)4, α ∈ R,
and consequently the Monge-Ampe`re-T¸it¸eica PDE is reduced to T¸it¸eica PDE
uxxuyy − u2xy = α(xux + yuy − u)4, α ∈ R.
If α 6= 0, then the condition of maximal rank is satisfied.
4 Inverse problem associated to a PDE
The simple form of the inverse problem in the calculus of variations is to
determine if an operator with partial derivatives is identically to an Euler-
Langrange operator with partial derivatives ([1], [2], [12], [17], [20]). We quote
Theorem 4. Let T be the operator associated to PDE (4). T is identi-
cally to an Euler-Lagrange operator if and only if the integrability Helmholtz
conditions
(10)


∂T
∂ux
= Dx
(
∂T
∂uxx
)
+Dy
(
1
2
∂T
∂uxy
)
∂T
∂uy
= Dx
(
1
2
∂T
∂uxy
)
+Dy
(
∂T
∂uyy
)
,
are satisfied, where
(11)
Dx =
∂
∂x
+ ux
∂
∂u
+ uxx
∂
∂ux
+ uxy
∂
∂uy
,
Dy =
∂
∂y
+ uy
∂
∂u
+ uxy
∂
∂ux
+ uyy
∂
∂uy
.
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In this case, there exists a Lagrangian L such that the Euler-Lagrange
PDE E(L)(u) = 0 is equivalent to the PDE associated to the operator T , in
the sense that every solution of the equation T (u) = 0 is a solution of the
Euler-Lagrange equation E(L)(u) = 0 and conversely.
For the associated Lagrangian of order two
L = L(x, y, u, ux, uy, uxx, uxy, uyy),
the Euler-Lagrange operator of order two is
(12)
E(L)(u) = ∂L
∂u
−Dx
(
∂L
∂ux
)
−Dy
(
∂L
∂uy
)
+
+ Dxx
(
∂L
∂uxx
)
+Dxy
(
∂L
∂uxy
)
+Dyy
(
∂L
∂uyy
)
.
Definition 4. An operator T is equivalent to an Euler-Lagrange operator
E(L), if there exists a nonzero function f = f(x, y, u, ux, uy) such that f ·T =
E(L). The function f is called variational integrant factor.
5 Lagrangians associated to T¸it¸eica surfaces PDE
We consider the PDE of type T¸it¸eica (1′) under conditions (2). The operator
T (u) = uxxuyy − u2xy − α(xux + yuy − u)4, α ∈ R∗,
which defines the equation (1′), is not identically to an Euler-Lagrange oper-
ator, since the integrability conditions (10) are not satisfied.
Theorem 5. The operator T is equivalent to an Euler-Lagrange operator.
Proof. Suppose there exists a variational integrant factor,
f = f(x, y, u, ux, uy),
such that f ·T = E(L). In this case, the integrability conditions (10), for f ·T ,
become

uyy
(
∂f
∂x
+ ux
∂f
∂u
)
− uxy
(
∂f
∂y
+ uy
∂f
∂u
)
+
+α ∂f
∂ux
(xux + yuy − u)4 + 4αxf (xux + yuy − u)3 = 0
uxx
(
∂f
∂y
+ uy
∂f
∂u
)
− uxy
(
∂f
∂x
+ ux
∂f
∂u
)
+
+α ∂f
∂uy
(xux + yuy − u)4 + 4αyf (xux + yuy − u)3 = 0.
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Equating to zero the coefficients of partial derivatives of second order of
the function u, we obtain the following PDEs system

∂f
∂x
+ ux
∂f
∂u
= 0
∂f
∂y
+ uy
∂f
∂u
= 0
(xux + yuy − u) ∂f∂ux + 4xf = 0
(xux + yuy − u) ∂f∂uy + 4yf = 0.
The solution of this system is
f(x, y, u, ux, uy) =
C
(xux + yuy − u)4 , C ∈ R
∗.
Hence, PDE of T¸it¸eica surfaces, written in the initial form
K
d4
= α,
is an Euler-Lagrange equation.
Theorem 6. A Lagrangian of order two associated to T¸it¸eica surfaces
PDE is
(13) L(x, y, u(2)) =
u(u2xy − uxxuyy)
(xux + yuy − u)4 − αu.
Proof. Using formula (12), after tedious computations it follows
E(L)(u) =
uxxuyy − u2xy
(xux + yuy − u)4 − α.
6 Variational symmetry group. Conservation laws
We will make a short presentation of the variational symmetry group ([17],
[20]) for the functionals of the form
L[u] =
∫ ∫
D0
L(x, y, u(2))dxdy,
where D0 is a domain in R
2.
Let D ⊂ D0 be a subdomain, U an open set in R andM ⊂ D×U an open
set. Let u ∈ C2(D), u = f(x, y) such that
Γu = {(x, y, f(x, y))|(x, y) ∈ D} ⊂M.
10
Definition 5. A local group G of transformations on M is called varia-
tional symmetry group for the functional
(14) L[u] =
∫ ∫
D0
L(x, y, u(2))dxdy,
if for gε ∈ G, gε(x, y, u) = (x¯, y¯, u¯), the function u¯ = f¯(x¯, y¯) = (g · f)(x¯, y¯) is
defined on D¯ ⊂ D0 and∫ ∫
D¯
L(x¯, y¯, pr(2)f¯(x¯, y¯))dx¯dy¯ =
∫ ∫
D
L(x, y, pr(2)f(x, y))dxdy.
The infinitesimal criterion for the variational problem is given by
Theorem 7. A connected group G of transformations acting on M ⊂
D0 × U is a group of variational symmetries for the functional (14) if and
only if
(15) pr(2)X(L) + L Divξ = 0,
for ∀(x, y, u(2)) ∈M (2) ⊂ D × U (2) and for any infinitesimal generator
X = ζ(x, y, u)
∂
∂x
+ η(x, y, u)
∂
∂y
+ φ(x, y, u)
∂
∂u
of G, where ξ = (ζ, η) and Divξ = Dxζ +Dyη.
Theorem 8. If G is a variational symmetry group of the functional (14),
then G is a symmetry group of Euler-Lagrange equation E(L)(u) = 0.
The converse of Theorem 8 is generally false.
Definition 6. Let PDE (4) and let P = (P 1, P 2) with Div P = DxP
1 +
DyP
2, the total divergence. The consequence Div P = 0 of PDE (4) is called
conservation law. The function P 1 is called flow and P 2 is called conserved
density associated to the conservation law.
By the preceding Definition, there exists a function Q such that
(16) Div P = Q · F.
The relation (16) is called the characteristic form of the conservation law,
and Q is called the characteristic of the conservation law.
Definition 7. Let
X = ζ(x, y, u)
∂
∂x
+ η(x, y, u)
∂
∂y
+ φ(x, y, u)
∂
∂u
be a vector field on M . The vector field
XQ = Q
∂
∂u
, Q = φ− ζux − ηuy,
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is called vector field of evolution associated to X, and Q is called the charac-
teristic associated to X.
Theorem 9 (Noether Theorem). Let G be a local Lie group of trans-
formations, which is a symmetry group of the variational problem (14) and
let
X = ζ(x, y, u)
∂
∂x
+ η(x, y, u)
∂
∂y
+ φ(x, y, u)
∂
∂u
the infinitesimal generator of G. The characteristic Q of the field X is also a
characteristic of the conservation law for the associated Euler-Lagrange equa-
tion E(L)(u) = 0.
There follows the existence of P = (P 1, P 2), such that
Div P = Q · E(L) = 0
to be a conservation law (in the caracteristic form) for the Euler-Lagrange
equation E(L) = 0.
One proves ([17], 356) that for the Lagrangian L = L(x, y, u(2)) we have
(17) P = −(A+ Lξ) = −(A1 + Lζ,A2 + Lη) = (P 1, P 2), A = (A1, A2),
where
(18) A1 = Q ·E(x)(L) +Dx
(
Q ·E(xx)(L)
)
+
1
2
Dy
(
Q · E(xy)(L)
)
,
A2 = Q · E(y)(L) + 1
2
Dx
(
Q ·E(xy)(L)
)
+Dy
(
Q · E(yy)(L)
)
,
and
(19) E(x)(L) =
∂L
∂ux
− 2Dx
(
∂L
∂uxx
)
−Dy
(
∂L
∂uxy
)
,
E(y)(L) =
∂L
∂uy
−Dx
(
∂L
∂uxx
)
− 2Dy
(
∂L
∂uxy
)
,
E(xx)(L) =
∂L
∂uxx
, E(xy)(L) =
∂L
∂uxy
, E(yy)(L) =
∂L
∂uyy
,
are Euler operators of superior order.
7 Group of variational symmetries of the functional
attached to T¸it¸eica PDE. Conservation laws
We consider the functional
(20) L[u] =
∫ ∫
D
u
(
uxxuyy − u2xy
(xux + yuy − u)4 − α
)
dxdy, α ∈ R∗,
12
where D is a domain in R2, u ∈ C2(D) and the condition (2) is satisfied for
any (x, y) ∈ D.
Theorem 10. The Lie algebra of the variational symmetry group of the
functional (20) is described by the vector fields
(21) Y1 = x
∂
∂x
− u ∂
∂u
, Y2 = y
∂
∂y
− u ∂
∂u
,
Y3 = y
∂
∂x
, Y4 = x
∂
∂y
.
Proof. According Theorem 8, the vector fields which determine the Lie al-
gebra of the variational symmetry group are founded between the vector fields
of the Lie algebra of the symmetry group of the associated Euler-Lagrange
equation. The condition (15) must be verified only for the vector fields in the
Lie algebra (8) of the symmetry group of PDE (1′). One considers
X =
8∑
i=1
CiXi,
where Ci ∈ R and Xi are the infinitesimal generators of the symmetry group
G associated to T¸it¸eica surfaces PDE. One determines the real constants Ci
such that the relation (15) is satisfied. Using the relation (5), the second
prolongation of the vector field
X = (C1x+C3y+C4u)
∂
∂x
++(C5x+C2y+C6u)
∂
∂y
+(C7x+C8y−(C1+C2)) ∂
∂u
,
is given by the functions
Φx = C7 − (2C1 + C2)ux − C5uy − C4u2x − C6uxuy,
Φy = C8 − C3ux − (C1 + 2C2)uy − C4uxuy − C6u2y,
Φxx = −(3C1 +C2)uxx − 2C5uxy − 3C4uxuxx − C6uyuxx − 2C6uxuxy,
Φxy = −C3uxx − 2(C1 + C2)uxy − C5uyy − C4uyuxx − 2C6uyuxy−
−2C4uxuxy − C6uxuyy,
Φyy = −(C1 + 3C2)uyy − 2C3uxy − 3C6uyuyy − C4uxuyy − 2C4uyuxy.
Substituting L and X with ξ = (C1x + C3y + C4u,C5x + C2y + C6u), and
Divξ = C1 + C2 + C4ux + C6uy in the relation (15), after computation, it
follows
C7x+ C8y + C4uux + C6uuy = 0,
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and thus C4 = C6 = C7 = C8 = 0. It results that the infinitesimal generator
of the variational symmetry group for the functional (20) is
X = C1X1 + C2X2 + C3X3 + C5X5.
Denote Y1 = X1, Y2 = X2, Y3 = X3 and Y4 = X5.
Proposition 2. For the vector field
−Y3 = −y ∂
∂x
,
the flow and respectively the conserved density of the conservation law are
(22) P 1 = −αyu+ ux
(xux + yuy − u)4 (uxy(yuy − u)− yuxuyy),
P 2 = − ux
(xux + yuy − u)4 (uxx(yuy − u)− yuxuxy).
Proof. The caracteristic associated to the vector field −Y3 is
Q = yuy.
Replacing in the relations (18), we obtain
A1 =
uy(u2xy − uxxuyy)
(xux + yuy − u)4 +
uxy(uux − yuy)
(xux + yuy − u)4 +
yu2xuyy
(xux + yuy − u)4 ,
A2 =
ux
(xux + yuy − u)4 (uxx(yuy − u)− yuxuxy).
Introducing ξ = (−y, 0) in the relations (17) it follows that the functions
P 1, P 2 have the form (22).
Analogously one determines the conservation laws corresponding to the
characteristics of the vector fields (21).
8 Strong/weak symmetry group
The symmetry group introduced in the Definition 2 is called strong symmetry
group.
Definition 8. The weak symmetry group of PDE (4) is a group of trans-
formations acting on M ⊂ D × U and which satisfies only the condition (b)
in the Definition 2 of the strong symmetry group.
Consequently a weak symmetry group did not transforms solutions of PDE
into its solutions.
Proposition 3. Let G be a connected Lie group of transformations on M ,
with infinitesimal generators X1, ...,Xs. Let Q
1, ..., Qs be the characteristics
14
associated to these vector fields. Then any G-invariant function u = f(x, y)
must satisfy the system of equations
(23) Qk(x, y, u(1)) = 0, k = 1, ..., s.
Any G-invariant solution u = f(x, y) of PDE (4) is also a solution of the
system (23), and hence of the system
(24)
{
F (x, y, u(2)) = 0
Qk(x, y, u(1)) = 0, k = 1, ..., s.
The converse is true only for the case in which G is a strong symmetry group.
One proves ([19])
Theorem 11. Let G be a group of transformations acting on M ⊂ D×U
and (4) a PDE of order two defined on D. Then G is always a symmetry
group of the system (24) and hence always a weak symmetry group.
Every s-parameter subgroup H of the strong symmetry group G (8) de-
termines a family of group-invariant solutions. The problem of classification
of the group-invariant solutions is reduced to the problem of classification of
Lie subalgebras of the Lie algebra g of the group G ([14], 186). For the 1-
dimensional subalgebras one considers a general element X and this can be
simplified as much as possible, using the adjoint transformations.
We shall determine some solutions of PDE (1′) which are invariant with
respect to the strong symmetry group G.
Remarks.
1) The finding of the adjoint representation Ad G of the Lie group G, can
be realised using the Lie series
(25) Ad(exp(εX)Y ) =
∞∑
n=0
εn
n!
(adX)n(Y ) = Y − ε[X,Y ] + ε
2
2
[X, [X,Y ]]− ...
2) If u = f(x, y) is a solution of PDE (1′), then the following functions
u(1) = e−εf(xe−ε, y), u(2) = e−εf(x, ye−ε), u(3) = f(x− εy, y),
u(4) = f(x− εu(4), y), u(5) = f(x, y − εx), u(6) = f(x, y − εu(6)),
u(7) = f(x, y) + εx, u(8) = f(x, y) + εy, ε ∈ R,
are also solutions of the equation since every 1-parameter subgroup Gi gener-
ated by Xi, i = 1, ..., 8, is a symmetry group.
3) The adjoint representation Ad G of the Lie group G which invariates
the T¸it¸eica equation, is determined using the Lie series (25). This way we
obtain
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Ad X1 X2 X3 X4
X1 X1 X2 e
εX3 e
2εX4
X2 X1 X2 e
−εX3 e
εX4
X3 X1−εX3 X2+εX3 X3 X4
X4 X1−2εX4 X2−εX4 X3 X4
X5 X1+εX5 X2−2εX5 X3−ε(X1−X2)−ε2X5 X4+εX6
X6 X1−εX6 X2−2εX6 X3−εX4 X4
X7 X1+2εX7 X2+εX7 X3+εX8 X4−εX1−ε2X7
X8 X1+εX8 X2+2εX8 X3 X4−εX3
Ad X5 X6 X7 X8
X1 e
−εX5 e
εX6 e
−2εX7 e
−εX8
X2 e
εX5 e
2εX6 e
−εX7 e
−2εX8
X3 X5−ε(X1−X2)−ε2X3 X6+εX4 X7−εX3 X8
X4 X5−εX6 X6 X7+εX1−ε2X4 X8+εX3
X5 X5 X6 X7 X8−εX7
X6 X5 X6 X7+εX5 X8+εX2−ε2X6
X7 X5 X6−εX5 X7 X8
X8 X5+εX7 X6−εX2−ε2X8 X7 X8
Finally, we determine some group-invariant solutions of the equation (1′),
corresponding to 1-dimensional subalgebras generated by X1−X2, X5−X3.
a) For the vector field
X1 −X2 = x ∂
∂x
− y ∂
∂y
,
one looks for solutions of the form u = ϕ(xy). In this case the PDE (1′)
becomes
2tϕ′ϕ′′ + ϕ′2 + α(2tϕ′ − ϕ)4 = 0,
where t = xy. This DE admits particular solutions of the form φ(t) = tp, with
the condition imposed in (2). For p = −1 and α = 127 , we obtain
u(x, y) =
1
xy
as a solution of PDE (1′). According to the preceding remark 2, it follows that
u(x, y) =
1
xy
+εx, u(x, y) =
1
xy
+εy, u(x, y) =
1
(x− ε1y)y+ε2x, ε, ε1, ε2 ∈ R,
are also solutions.
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Other particular solution of the preceding DE is ϕ(t) =
√
1 + at, for a2 +
4α=0. For α < 0, it follows the solution
u(x, y) =
√
1 + axy, a ∈ R∗,
of PDE (1′). According to remark 2, the functions
u(x, y) =
√
1 + axy + εx, u(x, y) =
√
1 + a(x− ε1y)y + ε2x, ε, ε1, ε2 ∈ R,
are also solutions of PDE (1′).
b) For the vector field
X5 −X3 = −y ∂
∂x
+ x
∂
∂y
,
one looks for solutions of the form u = ϕ(r), where r =
√
x2 + y2. Replacing
in the PDE (1′) we obtain the DE
1
r
ϕ′ϕ′′ = α(rϕ′ − ϕ)4.
This DE admits particular solutions of the form φ(r) = rp. For p = −2 and
α = − 427 , it follows
u(x, y) =
1
x2 + y2
as solution of PDE (1′). According to remark 2, the functions
u(x, y) =
1
x2 + y2
+ εx, u(x, y) =
1
(x− ε1y)2 + y2
+ ε2x, ε, ε1, ε2 ∈ R,
are also solutions of PDE (1′). The DE admits also a particular solution of
the form ϕ(r) =
√
1 + ar2, a ∈ R∗ for α = a2. If α > 0, then it follows the
implicit solution
u2 + a(x2 + y2) = 1, u > 0,
of PDE (1′), and according to remark 2, the equations
u2 + a((x− εy)2 + y2) = 1, u > 0,
(u− εx)2 + a(x2 + y2) = 1, u− εx > 0, ε ∈ R,
define also solutions of PDE (1′).
Now we refer to weak symmetry groups and the corresponding solutions
of PDE (1′).
a) Let
X = −x2y ∂
∂x
+
∂
∂u
.
17
We obtain C1 = u− 1xy , C2 = y. Hence
u(x, y) =
1
xy
+ h(y).
Replacing in the PDE (1′), it follows the DE
3
x4y4
+
2h′′
x3y
= α
(
− 3
xy
+ yh′ − h
)4
.
As h = h(y), by identification we deduce h′′ = 0, yh′− h = 0, α = 127 , hence
h(y) = Cy, C ∈ R. Consequently
u(x, y) =
1
xy
+ Cy, C ∈ R
is a solution of PDE (1′).
b) Let
X = 2ux
∂
∂x
+ (u2 − 1) ∂
∂u
.
Since C1 =
u2−1
x
, C2 = y, it follows
u(x, y) =
√
1 + xh(y),
for u > 0.
Replacing in PDE (1′) we obtain h(y) = Cy, C ∈R∗. The corresponding
solution of PDE (1′) is
u(x, y) =
√
1 + Cxy, u > 0, C ∈ R∗, 1 + Cxy > 0.
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